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Abstract. It has been shown that a four-parameter potential for a diatomic molecule is a shape-
invariant potential with a translation of parameters. The exact energy spectrum of this potential is
obtained by using the shape-invariance approach and the supersymmetry WKB approximation.

There has been a lot of work carried out on the form and computation method of the potential
energy function for a diatomic molecule [1-5]. This is because of the need to interpret the
spectra of a diatomic molecule in molecular physics and quantum chemistry. The well known
Morse potential for a diatomic molecule is a shape-invariant potential with a translation of
parameters [6]. The exact energy levels of the Morse potential can been obtained by using the
shape-invariance approach [6—8] and the supersymmetry WKB quantization condition [9—-11].
The normalized wavefunction can also be obtained with the help of the unified recurrence
operator method [12, 13]. Sun [14] has proposed a four-parameter potential for a diatomic
molecule, the evaluating accuracy of which, for the experimental RKR curve and the rotational-
vibrating level, is of a far higher level than that of the Morse potential. In this paper we show
that the four-parameter potential for a diatomic molecule is a shape-invariant potential with
a translation of parameters. By using the shape-invariance approach and the supersymmetry
WKB quantization condition, we determine the exact energy levels of the four-parameter
diatomic molecule potential.
The Schrodinger equation for a particle of mass u in a one-dimensional potential is

K2 a2
[_ﬂ@ + V(x)i| W(x) = EV(x) 1

where W (x) is the wavefunction, V (x) is the potential and E is the energy. The ground-state
wavefunction W (x) can be written as

Yy(x) = Nexp(—@ / Wi(x) dx) = Nexp(/ Z(x) dx) 2)
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where N is a normalization constant and W (x) = —%Z (x) is called a superpotential in
supersymmetric quantum mechanics. Substituting equation (2) into equation (1), one has

7'+ 7% =v(x) — g (3)

%, g0 = Lo and Ey is the ground-state energy. Equation (3) is a nonlinear

where v(x) = -

Riccati equation.
We consider a four-parameter potential energy function for a diatomic molecule proposed
by Sun [14]. The potential function
D.(e% — 1)? 2D.(e* — 1)
V) = Gemr —a2 ~ @@l — 7 @)
is defined in terms of four parameters D,, r., o« and A, where D, is the depth of the potential
well and r, is the equilibrium distance of the two nuclei. Substitution of

A =D, (¥ —))? B =2D, (" — 1) n=a/r 5)

reduces equation (4) to

B
@ =22 (=
A particular case is the well known Morse potential, for which the parameters are given by

V(r)= Q)

A = D> B =2D,e*" n=uo A =0. (7
The equivalent potential for the radial motion is given by
1(I + DHn?
Vir)=V@) + ———— 3)
2ur
where u is the reduced mass. For the s state (I = 0), the corresponding v(r) in equation (3) is
2uV (r) a b
U(r) = 2 = 2 P (9)
h (em —n (@ —=4)

where a = Z;l%A and b = 2’;—23. Putting Z(r) = e”"]ik + O and substituting this into equation (3)
yields

P2 —pAP =a 2PQ —nP =—b 0% = —¢. (10

The radial wavefunction R (r)for the ground state can be expressed as

N N P
R(r)=76xp</z(”)dr) ZTGXP[/ (e’l’—)\+Q>i|

1 y
= N= (7 — )"/ e, (11)
r

In view of the wavefunction R(r) satisfying the standard conditions, that is when » — 0, R(r)
is finite, and when r — o0, R(r) becomes R(r) — 0, and solving equation (10) we obtain

A+ /n*A% +4a

A>0
P= 2
A —/n?A% +4a
_— A <0
2 (12)
P*—a—bi
o=-—_""""

2AP
&y = —Qz.
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The corresponding superpotential W (r) and the ground-state energy E, are given by

h h P
W)= ——Z@() = ——— [ —— + 13
0=~ 720 =7 (7 +) )
n? o, R (PP—a—br\
Ey=—g=-—Q=— [ —""") . (14)
21 21 21 20P

Using equations (13) and (10), the corresponding supersymmetry partner potentials V. (r) and
V_(r) can be written in terms of the superpotential W (r) as

Ve(r) = W2(r) + %W/(r)

h2 PZ nr _ _ nr
n- (P7/M)e N a/x—>b 10+ nPe
2u | (e — 1) e — A (e — 1)?

15)

h
V_(r) = W2(r) — ﬁW/(r)

_ B2 [(P*/Me"  —a/k—b 4 0 nPe’
T2l e =202 e —a (e — )2 |

Putting ay = P, the shape-invariance condition can be expressed as

(16)

Vi(r,ag) = V_(r,a1) + R(a1) a7

where a; = P + nk = ap + ni and

n? a%—a—bk g ai —a— b ?
R(a) = — — .
21 21ag 2 ay
The energy eigenvalues of Hamiltonian H_ = —% % + V_(r) are given by

E7 =0 (18)

n
E7 = Z R(ai) = R(ay) + R(ax) +--- + R(a,)

=1

_h2 al —a— b 2 a? —a—bx 2+ a?—a—bx 2

S 2u 2hag 20, 20y

2
a3 —a — b 2+ .\ a’ ,—a—bx @ —a—br\’
2)\612 2)‘an—l 2)\.61,1

_hz i al —a — b 2 a?—a—bx g
2u 2Xrag 2Aay,

2
_ n? a(% —a—br\" (ap +nnr)* —a — b (19)
- 21 2Aag 2A (ag + nnk) '

Combining equations (3) and (16), we can obtain the relation between V (r)and V_(r),

V(r)= A B =V E 20
= " @y = OB (20)
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Hence, the energy levels of the potential expressed in equation (6) for the s state can be
computed as

E,=E{7 +E
_h2 aé—a—b)» : (ap +nnAr)> —a — b : h? aé—a—bk 2
T 2u 2Aay 2A(ag + nni) 21 2Aag
_ K2 [(ag + m])»)z —a — bA? Q21
T 8ua? (ap +nni)?
W [(P+npr)? —a—DbAP?
© 8ua? (P +nni)?
n=0,1,2,3,....

From the above study, we suggest that the four-parameter potential for a diatomic molecule
is a shape-invariant potential with a translation of parameters. For the shape-invariant potentials
of translational type, the exact energy spectrum can be obtained by using the supersymmetry
WKB quantization condition [9]

f \/ZM[E,(,_) — W2(x)]dx = nwh n=0,1,2,... (22)
XL

where the two turning points x, and xg are given by [E{™ — W2(x)] = 0. The energy E{~ in
equation (22) is the energy level of the supersymmetry partner potentials V_(x). Substituting
the superpotential given in equation (13) into the SWKB quantization condition, equation (22),

gives
/m 2u| E i P, 0 ’ d h (23)
n = — r =nmh.
" H 2\ e’ — A

With a change of variables y = ﬁ, equation (23) becomes

/}’R\/z [EH—ﬁ(P +Q)2] —4 dy = nwh (24)
L VLT T n[@y+n—1 0 =

By putting p = 21y + 1 and after algebraic simplification, equation (24) can be expressed as

PR —pP 1
f — T V(p —pr) (pr — p)dp = nwh (25)
oL 77)‘ pPT— 1

where the two turning points are given by

200 2|A| o
=1— — — —\/2uE,
pL P apVH
and
200 2|A| )
=1— —+ —/2uE;"’.
PR P P n

For computing the integral in equation (25), we use the integral expression [11]

@ 12
| Vet = = 3 [V Dans D - Vi - D - D +2]

L (26)
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where the limits z;, zg are real numbers, with z;, < zz. Comparing equation (25) with
equation (26), and solving for E{~) gives

EO _ n? [(P+nnA)?* — P(P —210)]? .\ s

2
- =0,1,2,3,.... 27
" 8uAZ (P +nni)? 21 Q " @7

Substituting P(P — 21 Q) = a + b into equation (27) and combining equation (14), it can be
seen that the result in equation (27) is consistent with the result in equation (19).
From equation (21), the energy E, can be written in the form

n2n? [n* +2nP/nh+ P?/n?A% — a/n*A? — bk/nzkz]z

E, = (28)
8 (n+P/nr)?
By using equations (12) and (5) and a = 27’1‘—2A and b = 2;“—23, we can obtain

a Z/LDerez(e"‘ — )2 _ g

n2x h2a?A? N
2 (a0

b _ 4uD.r;(e* — A) _ 2 (29
n?IAl h2a?|A|
P
—=1+/1+82=m.
nA

2

Substituting the above expressions into equation (28) and using 82 = m? — m, it follows that

n2a? [n*+mQ2n+1) — y2]2

E,=— A>0

8ur? (n+m)? 30)
E — n2a? [n* +mQ@2n+1) + y2]2 Lo

8ur? (n+m)?

These results are the same as those in equations (13) and (19) in [14] through solving the
hypergeometric equation. For the convenience of solving equations (7) and (15) in [14], Sun
took the approximate boundary conditions, which are A = 1 and lm\\ = 1 when r — O for
A > 0and A < 0, respectively. However, these approximations are not needed in the present
treatment. The normalized wavefunctions for the four-parameter diatomic molecule potential
can be obtained by using the unified recurrence operator method [13].

In equation (6), if we make the replacements, A = 0, B = Vy and A = 1, then equation (6)
becomes

Vo
e — 1

V(i) = —

€1y

which is the Hulthen potential, a shape-invariant potential with a translation of parameters
[15]. Substituting a = 2;:_;\ = 0 into equation (12), we can obtain P = ni. With this and
b= 2‘;—2‘/‘) and by taking A = 1, we can obtain the energy spectrum for the Hulthen potential
from equation (21):

i [+ 12 = 2u Vo]

En =
8u (n+1)2

n=0,1,2,3,.... (32)

This is consistent with that in equation (68.14) in [3] obtained with the help of the factorization
method.
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Using the four-parameter diatomic molecule potential and the Morse potential, Sun [14]
computed the errors of fitting the RKR potential curves for two kinds of metal dimers and
six kinds of non-metal diatomic molecules. The results show that the average errors given by
the four-parameter diatomic molecule potential are between 0.370% and 2.66%, and that the
average errors produced by the Morse potential are between 0.860% and 16.1%. For fitting the
experimental RKR potential curve of the X' X ground state of 7Li, observed by Barakat et al
[16], the average error is 2.12% produced by the four-parameter diatomic molecule potential,
and 8.38% given by the Morse potential [14]. We suggest that the four-parameter diatomic-
molecule potential model can produce theoretical values which are in better agreement with
the experimental spectrum data than the Morse potential model.

We have presented the full energy computation for the four-parameter potential of a
diatomic molecule with the help of a shape-invariance approach. We have also presented the
supersymmetry WKB approximation treatment for the four-parameter potential, with exact
SWKB energy levels. Comparing the superpotential of the four-parameter diatomic molecule
potential with the superpotential of the Hulthen potential, we put forward the four-parameter
diatomic molecule potential and the Hulthen potential belonging to the same type of shape-
invariant potentials with a translation of parameters.
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